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2. Homological algebra



Chain complexes are cochain complexes

o} 0 0
C,1 < Co

G 2
1o} Cl 1o} o, O C_l o

0* = 0 = Im(0) < Ker(9)

(co)homology = cycles / boundaries

H(C,0) = Ker(0) / Im(9)



Homology
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Homomorphisms and homotopies

C,D : complexes

define a new complex HOM(C, D):
HOM(C, D)" = [ ] Hom(C™, D™*")
(0f)c = O(fc) — (=1)If(Dc).
Ker(9)° = homomorphism C — D

Im(9)° = nullhomotopic homs C — D
H°HOM(C, D) = homotopy classes of homs C — D



Free resolutions, Ext and Tor

A free resolution of an R—module M is a homomorphism

P 0 Py« 2— P 2
M 0 M 0

such that all P, are free and H(e) an iso (e an equivalence).

Ext%(M, N) = H"(Hom(P, N))
Torf (M, N) = H,(P ®r N))



Example: the (co)homology of groups

For R = ZG the group ring, M a module over it:

H.(G; N) = Toryo(Z, N),
H"(G; N) = Ext;(Z, N).

This should not be the definition, but a theorem!

How to find free resolutions of the trivial ZG—-module Z7?



3. Algebraic topology



Spaces

There is a combinatorial model for spaces that treats them
as ‘non-linear chain complexes': simplicial sets.
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Kan—Quillen

There is an adjunction |-

/\(

sSet Top

Sing(—)

X| = (|T|xn><At”op)/~

given by
and
Smg( Y)n = Top(A'?op’ Y)

Theorem (Kan—Quillen). This adjunction induces an
equivalence of homotopy theories.



Classifying spaces...

G : group (or monoid)
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What is the universal cover?



...and their universal covers

G : group (or monoid)
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EG ~ % with free G—action

Examples. BZ ~ S! and EZ ~ R



Abelian spaces are simplicial abelian groups

Ab(sSet) = sAbel
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Theorem (Dold—Kan). The category sAbel is equiva-
lent to the category of non-negative chain complexes.

7Tn(‘Alv O) - Hn(Av 8)



Homology is abelianisation

X:Top------—-— + (ZSing(X), 0) : Chain
Sing(X) : sSet - ZSing(X) : sAbel
Application.

ZEG is a free resolution of the G—module Zx = Z
H.(G) = H.(BG)



Homotopy orbit spaces

X = a G-set (or G—space)

X /G = the set (or space) of orbits
Replace X by a free resolution:
EG x X — X.
This is a space even if X is a set! Its orbit space
X)G=(EGx X)/G=EG xg X

is the homotopy orbit space of X.



Mapping tori

G=17
Z—space X = p: X = X
X
~ ' ¢(x)
R x X — X : free resolution X < '>
&
X|Z =R xz X
mapping torus of ¢
o ——0
0 1

X = free orbit: X /7 ~ %
X = finite orbit: X /7 ~ S!



Exercises and references


https://szymik.github.io/exerefe.pdf

Exercises and references




