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1. Racks and quandles



Braids and the Yang–Baxter equation

(ω → id)(id→ ω)(ω → id) = (id→ ω)(ω → id)(id→ ω)

=

A map ω : X → X ↑ X → X , (x , y) ↓↑ (x ↭ y , x) induces
actions of the braid groups Bn on the powers X n

of X if and

only if

x ↭ (y ↭ z) = (x ↭ y)↭ (x ↭ z).



Abstraction

[...]



Racks

A rack (R ,↭) is a set R together with a binary operation

↭ : R → R ↔↑ R

such that all left-multiplications are bijections and satisfy

x ↭ (y ↭ z) = (x ↭ y)↭ (x ↭ z).

Equivalently, the left-multiplications are homomorphisms.

As they are bijective, they are automorphisms.



Dates and names

1880 Peirce

1943 Takasaki

1959 Conway–Wraith

1967 Loos

1978 Burde

1982 Joyce, Matveev

...
...



Permutations and racks

If (X ,ε) is a set X with a permutation ε : X ↑ X , then X
becomes a rack via

x ↭ y = ε(y).

These are the permutation racks.

For ε = idX , we get the trivial racks.

If (R ,↭) is a rack, then

ϑ(x) = x ↭ x

defines an automorphism of (R ,↭).

For a permutation rack (X ,ε), we have ϑ = ε.



Six racks with three elements up to isomorphism

Three permutation racks: id, (1, 2), (1, 2, 3), and:

1 2 3

1, 2

1 2 3

3

3 1

2
1 3

2



Symmetry...

...is a vast subject, significant in art

and nature. Mathematics lies at its

root, and it would be hard to find a

better one on which to demonstrate

the working of the mathematical

intellect.

Hermann Weyl (1885–1955)



Groups, conjugation, and quandles

(G , · ) = a group

x ↭ y = xyx→1

(G ,↭ ) = a rack

We can replace G by any subset closed under conjugation.

We have x ↭ x = x for these racks.

A quandle is a rack R with x ↭ x = x for all x .



Enveloping groups

Racks

Gr

!!

Groups

forget

""

Universal property:

Groups(Gr(R),G ) ↗= Racks(R ,G )

Model:

Gr(R) =
〈
g(x), x ↘ R | g(x ↭ y) = g(x)g(y)g(x)→1

〉
.

Examples. If (X ,ε) is a permutation rack, then Gr(X ,ε)
is free abelian (!) with basis the set X/ε of orbits.



Braids and Yetter–Drinfeld sets

A crossed G–set is a G–set X together with a G–map

c : X ↔↑ Ad(G ),

where Ad(G ) is the G–action on itself via conjugation.

A crossed G–set defines a rack structure via

x ↭ y = c(x) · y .

Every rack R has this form: take X = R and G = Gr(R).

The category of crossed G–sets is braided; it is the Drinfeld

centre of the category of G–sets.



Free racks

Sets

FR

##

Racks

forget

$$

Universal property:

Racks(FR(S),R) ↗= Sets(S ,R)

Model:

FR(S) = F(S)→ S where F(S) = free group on S

(g , s)↭ (h, t) = (gsg→1h, t)



Free quandles

Sets

FQ

!!

Quandles

forget

""

Universal property:

Quandles(FQ(S),R) ↗= Sets(S ,R)

Model:

FQ(S) = {gsg→1 ↘ F(S) | g ↘ G and s ↘ S}

↭ = conjugation



The automorphism groups

Aut(FQ(S)) = {” ↘ Aut(F(S)) | ”(S) is conjugate to S}
= ≃symmetric group, braid group (Artin)⇐

Aut(FR(S)) = ZS ⊋ Aut(FQ(S))

As Aut(FR(S)) acts on FR(S), this gives another reason why

the braid groups act on

Sets(S ,R) = Racks(FR(S),R).





A reflection on reflections

a ↭ b = ‘b reflected in a’ = 2a ↔ b

a
b

c

b ↭ ca ↭ c

a ↭ b

a ↭ (b ↭ c) = (a ↭ b)↭ (a ↭ c)



From reflections to interceptions

u

v

w

u ↭ v

v ↭ w

u ↭ w

v ↭ w = (1↔ t)v + tw

u ↭ (v ↭ w) = (u ↭ v)↭ (u ↭ w) u ↭ u = u



Abelian racks and quandles

Given an abelian group M with s, t : M ↑ M ,

x ↭ y = sx + ty

defines a rack structure if s2 = s(1↔ t).
These are the modules over the ring

Z[s, t±1
]/(s2 = s(1↔ t)).

This rack is a quandle if s + t = 1, or s = 1↔ t.
These are the modules over the ring

Z[t±1
].



Abelian group objects

C : a category with finite products

Ab(C) = category of abelian group objects in C

data: a : M →M ↔↑ M

i : M ↔↑ M

e : ϖ ↔↑ M

axioms: associativity, commutativity, unit and inverse axioms

M →M →M
id↑a
%%

a↑id
&&

M →M

a
&&

M →M a
%%M



Abelianisation as an adjoint – examples

C

Ab

''

Ab(C)

forget

$$

Ab(Sets) = Abel = Z–Mod

Ab(G–Sets) = ZG–Mod

Ab(Groups) = Abel = Z–Mod

Ab(Quandles) = Z[t±1
]–Mod

Ab(Racks) = Z[s, t±1
]/(s2 ↔ s(1↔ t))–Mod



Knots



Knots

Theorem (Joyce, Matveev, Waldhausen).

Knots K are classified by their quandles QK .

K

p

q
m

⇒
S
3\K

QK = homotopy classes of paths boundary( S
3\K ) ↑ ⇒

p ↭ q = pmp→1q for a suitable meridian m



Primes

For a field F , let Gal(F ) be the absolute Galois group and let

AS(F ) = {ϑ ↘ Gal(F ) | ϑ ⇑= id = ϑ2}

be the subspace of involutions. This is a pro-finite involutory

quandle, the Artin–Schreier quandle of F .

Theorem (S). The Artin–Schreier quandle AS(Q) of

the rational number field Q is a free pro-finite involutory

quandle. A Cantor space of involutions gives a basis.

For F = R((x))((y)), there are relations: AS(F ) = Ẑ→ Ẑ.



Exercises and references


